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Abstract We prove that for every compactum X with dimZX ≤ n ≥ 2
there is a cell-like resolution r : Z −→ X from a compactum Z onto X such
that dimZ ≤ n and for every integer k and every abelian group G such
that dimGX ≤ k ≥ 2 we have dimG Z ≤ k . The latter property implies
that for every simply connected CW-complex K such that e-dimX ≤ K
we also have e-dimZ ≤ K .
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1 Introduction
A space X is always assumed to be separable metrizable. The cohomological
dimension dimGX of X with respect to an abelian group G is the least number
n such that Hˇn+1(X,A;G) = 0 for every closed subset A of X . It was known
long ago that dimX = dimZX if X is finite dimensional. The first example of
an infinite dimensional compactum (=compact metric space) with finite integral
cohomological dimension was constructed by Dranishnikov [2] in 1987. In 1978
Edwards [10, 16] discovered his celebrated resolution theorem revealing a close
relation between dimZ and dim. The Edwards resolution theorem says that
a compactum of dimZ ≤ n can be obtained as the image of a cell-like map
defined on a compactum of dim ≤ n. A compactum X is cell-like if any map
f : X −→ K from X to a CW-complex K is null-homotopic. A map is cell-like
if its fibers are cell-like. The reduced Cˇech cohomology groups of a cell-like
compactum are trivial with respect to any group G.
The Edwards resolution theorem addresses only the case of integral cohomo-
logical dimension. It seems natural to look for generalizations of this theorem
taking into consideration other abelian groups. Indeed, such an investigation
has been of considerable interest in cohomological dimension theory. It mainly
went in two directions.
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The first one is to adjust resolutions for a given group G replacing cell-like
maps by G-acyclic maps. A map is G-acyclic if the reduced Cˇech cohomology
groups modulo G of the fibers are trivial. By the Vietoris-Begle theorem a
G-acyclic map cannot raise the cohomological dimension dimG . Let us give
two examples of results of this type.
Theorem 1.1 [3] Let p be a prime number and let X be a compactum with
dimZp X ≤ n. Then there are a compactum Z with dimZ ≤ n and a Zp -acyclic
map r : Z −→ X from Z onto X .
Theorem 1.2 [15] Let G be an abelian group and let X be a compactum
with dimGX ≤ n, n ≥ 2. Then there are a compactum Z with dimG Z ≤ n
and dimZ ≤ n+ 1 and a G-acyclic map r : Z −→ X from Z onto X .
The other direction of investigation is to construct cell-like resolutions preserv-
ing cohomological dimensions with respect to several abelian groups. Below are
some results of this type.
Theorem 1.3 [4] Let p be a prime number and let a compactum X be such
that dimZp X ≤ n and dimZ[1/p]X ≤ n, n ≥ 2. Then there are a compactum
Z with dimZ ≤ n + 1, dimZp Z ≤ n and dimZ[1/p] Z ≤ n and a cell-like map
r : Z −→ X from Z onto X .
Theorem 1.4 [6] Let L be a subset of the set of primes and let X be a
compactum such that dimZX ≤ n and dimZp X ≤ k , n < 2k − 1 for every
p ∈ L. Then there are a compactum Z with dimZ ≤ n and dimZp Z ≤ k for
every p ∈ L and a cell-like map r : Z −→ X from Z onto X .
Theorem 1.5 [13] Let p, q be distinct prime numbers and let n be an in-
teger > 1. Then for a compactum X with dimZp X ≤ n, dimZ(q) X ≤ n
and dimZX ≤ n + 1 there exist an (n + 1)-dimensional compactum Z with
dimZp Z ≤ n, dimZ(q) Z ≤ n and a cell-like map r : Z −→ X from Z onto X .
This paper goes along the line of investigation represented by Theorems 1.3, 1.4
and 1.5. These theorems can be regarded as particular cases of the following
general problem: Let X be a compactum with dimZX ≤ n. Do there exist
an n-dimensional compactum Z and a cell-like map from Z onto X such that
dimG Z ≤ dimGX for every abelian group G? The goal of this paper is to
answer this problem affirmatively in cohomological dimensions larger than 1.
Namely we will prove the following theorem.
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Theorem 1.6 Let X be a compactum with dimZX ≤ n ≥ 2. Then there
exist a compactum Z with dimZ ≤ n and a cell-like map r : Z −→ X from
Z onto X such that for every integer k ≥ 2 and every group G such that
dimGX ≤ k we have dimG Z ≤ k .
Theorem 1.6 can be reformulated in terms of extensional dimension [7, 8]. The
extensional dimension of X is said not to exceed a CW-complex K , written
e-dimX ≤ K , if for every closed subset A of X and every map f : A −→ K
there is an extension of f over X . It is well-known that dimX ≤ n is equiv-
alent to e-dimX ≤ Sn and dimGX ≤ n is equivalent to e-dimX ≤ K(G,n)
where K(G,n) is an Eilenberg-Mac Lane complex of type (G,n). The follow-
ing theorem shows a close connection between cohomological and extensional
dimensions.
Theorem 1.7 [5] Let X be a compactum and let K be a simply connected
CW-complex. Consider the following conditions:
(1) e-dimX ≤ K ;
(2) dimHi(K)X ≤ i for every i > 1;
(3) dimpii(K)X ≤ i for every i > 1.
Then (2) and (3) are equivalent and (1) implies both (2) and (3). If X is finite
dimensional then all the conditions are equivalent.
Theorems 1.6 and 1.7 imply the following:
Theorem 1.8 Let X be a compactum with dimZX ≤ n ≥ 2. Then there
exist a compactum Z with dimZ ≤ n and a cell-like map r : Z −→ X from
Z onto X such that for every simply connected CW-complex K such that
e-dimX ≤ K we have e-dimZ ≤ K .
Proof Let Z and r : Z −→ X be as in Theorem 1.6. Let a simply con-
nected CW-complex K be such that e-dimX ≤ K . Then by Theorem 1.7,
dimHi(K)X ≤ i for every i > 1 and hence by Theorem 1.6, dimHi(K) Z ≤ i for
every i > 1. Then since Z is finite dimensional it follows from Theorem 1.7
that e-dimZ ≤ K .
Note that the restriction k ≥ 2 in Theorem 1.6 cannot be omitted. Indeed, take
an infinite dimensional compactum X with dimQX = 1 and dimZX = 2 (such
a compactum was constructed by Dydak and Walsh [12]) and let r : Z −→ X
be a cell-like map of a 2-dimensional compactum Z onto X . Then dimQ Z = 2
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since otherwise by a result of Daverman [1] we would have dimX ≤ 2. This
observation also shows that Theorem 1.8 does not hold for non-simply connected
complexes K .
The author would like to thank the referee for the careful reading of the paper
and valuable suggestions.
2 Preliminaries
A map between CW-complexes is said to be combinatorial if the preimage of
every subcomplex of the range is a subcomplex of the domain.
Let M be a simplicial complex and let M [k] be the k -skeleton of M (=the union
of all simplexes of M of dim ≤ k). By a resolution EW (M,k) of M we mean
a CW-complex EW (M,k) and a combinatorial map ω : EW (M,k) −→ M
such that ω is 1-to-1 over M [k] . Let f : N −→ K be a map of a subcomplex
N of M into a CW-complex K . The resolution is said to be suitable for f
if the map f ◦ ω|ω−1(N) extends to a map f
′ : EW (M,k) −→ K . We will
call f ′ a resolving map for f . The resolution is said to be suitable for a
compactum X if for every simplex ∆ of M , e-dimX ≤ ω−1(∆). Note that
if ω : EW (M,k) −→ M is a resolution suitable for X then for every map
φ : X −→M there is a map ψ : X −→ EW (M,k) such that for every simplex
∆ of M , (ω ◦ ψ)(φ−1(∆)) ⊂ ∆. We will call ψ a combinatorial lifting of φ.
Let M be a finite simplicial complex. Let f : N −→ K be a cellular map from
a subcomplex N of M to a CW-complex K such that M [k] ⊂ N . Following
[14, 15] we will construct a resolution ω : EW (M,k) −→ M of M which is
suitable for f . In the sequel we will refer to this resolution as the standard
resolution for f . We will associate with the standard resolution a cellular
resolving map f ′ : EW (M,k) −→ K which will be called the standard resolving
map. The standard resolution is constructed by induction on n = dim(M \N).
For M = N set EW (M,k) = M and let ω : EW (M,k) −→ M be the
identity map with the standard resolving map f ′ = f . Let n > k . Denote
M ′ = N ∪M [n−1] and assume that ω′ : EW (M ′, k) −→ M ′ is the standard
resolution of M ′ for f with the standard resolving map f ′ : EW (M ′, k) −→ K .
The standard resolution ω : EW (M,k) −→M is constructed as follows.
The CW-complex EW (M,k) is obtained from EW (M ′, k) by attaching the
mapping cylinder of f ′|ω′−1(∂∆) to ω
′−1(∂∆) for every n-simplex ∆ of M which
is not contained in M ′ . Let ω : EW (M,k) −→ M be the projection which
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extends ω′ by sending each mapping cylinder to the corresponding n-simplex
∆ such that the K -part of the cylinder is sent to the barycenter of ∆ and each
interval connecting a point of ω′−1(∂∆) with the corresponding point of the K -
part of the cylinder is sent linearly to the interval connecting the corresponding
point of ∂∆ with the barycenter of ∆. We can naturally define the extension of
f ′|ω′−1(∂∆) over its mapping cylinder by sending each interval of the cylinder to
the corresponding point of K . Thus we define the standard resolving map which
extends f ′ over EW (M,k). The CW-structure of EW (M,k) is induced by the
CW-structure of EW (M ′, k) and the natural CW-structures of the mapping
cylinders in EW (M,k). Then with respect to this CW-structure the standard
resolving map is cellular and ω is combinatorial.
From the construction of the standard resolution it follows that for each simplex
∆ of M , ω−1(∆) is either contractible or homotopy equivalent to K and for
every x ∈ M , ω−1(x) is either a singleton or homeomorphic to K . It is easy
to check that if M and K are (k − 1)-connected then so is EW (M,k). Also
note that for every subcomplex T of M , ω|ω−1(T ) : EW (T, k) = ω
−1(T ) −→ T
is the standard resolution of T for f |N∩T .
All groups are assumed to be abelian and functions between groups are homo-
morphisms. P stands for the set of primes. For a non-empty subset A of P let
S(A) = {pn11 p
n2
2 ...p
nk
k : pi ∈ A, ni ≥ 0} be the set of positive integers with prime
factors from A and for the empty set define S(∅) = {1}. Let G be a group and
g ∈ G. We say that g is A-torsion if there is n ∈ S(A) such that ng = 0 and
g is A-divisible if for every n ∈ S(A) there is h ∈ G such that nh = g . TorAG
is the subgroup of the A-torsion elements of G. G is A-torsion if G = TorAG,
G is A-torsion free if TorAG = 0 and G is A-divisible if every element of G is
A-divisible.
G is A-local if G is (P \ A)-divisible and (P \ A)-torsion free. The A-
localization of G is the homomorphism G −→ G⊗Z(A) defined by g −→ g⊗ 1
where Z(A) = {n/m : n ∈ Z,m ∈ S(P \ A)}. G is A-local if and only if
the A-localization of G is an isomorphism. A map between two simply con-
nected CW-complexes is an A-localization if the induced homomorphisms of
the homotopy and (reduced integral) homology groups are A-localizations.
Let G be a group, let α : L −→ M be a surjective combinatorial map of
a CW-complex L and a finite simplicial complex M and let n be a positive
integer such that H˜i(α
−1(∆);G) = 0 for every i < n and every simplex ∆ of
M . One can show by induction on the number of simplexes of M using the
Mayer-Vietoris sequence and the Five Lemma that α∗ : H˜i(L;G) −→ H˜i(M ;G)
is an isomorphism for i < n. We will refer to this fact as the combinatorial
Vietoris-Begle theorem.
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Proposition 2.1 Let m ≥ k + 2, k ≥ 2 and let M be an (m− 1)-connected
finite simplicial complex. Let ω : EW (M,k) −→M be the standard resolution
for a cellular map f : N −→ K(G, k) from a subcomplex N of M containing
M [k] . Then EW (M,k) is (k − 1)-connected and for every 1 ≤ i ≤ m − 2,
pii(EW (M,k)) is
(i) p-torsion if G = Zp ;
(ii) p-torsion and pik(EW (M,k)) is p-divisible if G = Zp∞ ;
(iii) p-local if G = Z(p) and ∅-local if G = Q.
Proof Since M and K(G, k) are (k − 1)-connected then so is EW (M,k).
Recall that ω is a surjective combinatorial map and for every simplex ∆ of M ,
ω−1(∆) is either contractible or homotopy equivalent to K(G, k).
(i) By the generalized Hurewicz theorem the groups Hi(K(Zp, k)), i ≥ 1
are p-torsion. Then Hi(K(Zp, k)), i ≥ 1 is p-local and Hi(K(Zp, k);Q) =
Hi(K(Zp, k)) ⊗ Q = 0, i ≥ 1. Let q ∈ P and q 6= p. The p-locality of
Hi(K(Zp, k)), i ≥ 1 implies that Hi(K(Zp, k);Zq) = 0, i ≥ 1. Then, since
M is (m − 1)-connected, by the combinatorial Vietoris-Begle theorem we get
that Hi(EW (M,k);Zq) = 0 and Hi(EW (M,k);Q) = 0, 1 ≤ i ≤ m− 1. From
the universal coefficient theorem it follows that the last conditions imply that
Hi(EW (M,k))⊗Q = 0 for 1 ≤ i ≤ m−1 and Hi(EW (M,k))∗Zq = 0 for 1 ≤
i ≤ m−2. Hence Hi(EW (M,k)) is torsion and q -torsion free for 1 ≤ i ≤ m−2
and every q ∈ P , q 6= p. Therefore Hi(EW (M,k)), 1 ≤ i ≤ m− 2 is p-torsion
and by the generalized Hurewicz theorem pii(EW (M,k)), 1 ≤ i ≤ m − 2 is
p-torsion.
(ii) Note that the proof of (i) applies not only for G = Zp but also for
G = Zp∞ . Therefore we can conclude that pii(EW (M,k)) is p-torsion for
1 ≤ i ≤ m− 2.
By the Hurewicz theorem pik(EW (M,k)) = Hk(EW (M,k)). To show that
Hk(EW (M,k)) is p-divisible first observe that Hk(K(Zp∞ , k)) = Zp∞ and
by the universal coefficient theorem Hk(K(Zp∞ , k);Zp) = Zp∞ ⊗ Zp = 0.
Then since M is k -connected the combinatorial Vietoris-Begle theorem implies
that Hk(EM(M,k);Zp) = 0. Once again by the universal coefficient theorem
Hk(EW (M,k)) ⊗ Zp = 0 and therefore Hk(EW (M,k)) is p-divisible.
(iii) We will prove the case G = Z(p) . The case G = Q is similar to G =
Z(p) . The proof applies well-known results of Rational Homotopy Theory [11].
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The p-locality of pii(K(Z(p), k)) implies that Hi(K(Z(p), k)), i ≥ 1 are p-
local. Then by the reasoning based on the combinatorial Vietoris-Begle and
universal coefficient theorems that we used in the proof of (i) one can show
that Hi(EW (M,k)), 1 ≤ i ≤ m − 2 are p-local and Hm−1(EW (M,k)) is
q -divisible for every prime q 6= p. Let a map α : EW (M,k) −→ L be a p-
localization of EW (M,k). Then α induces an isomorphism of Hi(EW (M,k))
and Hi(L) for 1 ≤ i ≤ m − 2 and an epimorphism of Hm−1(EW (M,k)) and
Hm−1(L). Hence by the Whitehead theorem the groups pii(EW (M,k)) and
pii(L) are isomorphic for 1 ≤ i ≤ m − 2. Thus pii(EW (M,k)), 1 ≤ i ≤ m− 2
is p-local.
The following proposition is an infinite dimensional version of the implication
(3)⇒(1) of Theorem 1.7.
Proposition 2.2 Let K be a simply connected CW-complex such that K has
only finitely many non-trivial homotopy groups. Let X be a compactum such
that dimpii(K)X ≤ i for i > 1. Then e-dimX ≤ K .
Proof Let n be such that pii(K) = 0 for i ≥ n and let ψ : A −→ K be
a map from a closed subset A of X into K . Represent X as the inverse
limit X = lim← Kj of finite simplicial complexes Kj with combinatorial bonding
maps hjl : Kl −→ Kj , l > j and the projections pj : X −→ Kj such that
diamp−1j (∆) ≤ 1/j for every simplex ∆ of Kj . Let j be so large that there
is a map f : N −→ K from a subcomplex N of Kj such that A ⊂ p
−1
j (N)
and f ◦ pj|A is homotopic to ψ . Then, since Hˇ
i+1(X, p−1j (N);pii(K)) = 0
for every i, by Obstruction Theory there is a sufficiently large l > j such that
f ◦hjl |(hj
l
)−1(N)
extends over the n-skeleton of Kl and since pii(K) = 0 for i ≥ n
the map f ◦hjl |(hj
l
)−1(N)
will also extend over Kl to f
′ : Kl −→ K . Then f
′◦pl|A
is homotopic to ψ and hence ψ extends over X . Thus e-dimX ≤ K .
Let K ′ be a simplicial complex. We say that maps h : K −→ K ′ , g : L −→ L′ ,
α : L −→ K and α′ : L′ −→ K ′
L
α
−−−−→ K
g


y h


y
L′
α′
−−−−→ K ′
combinatorially commute if for every simplex ∆ of K ′ we have that (α′ ◦
g)((h ◦ α)−1(∆)) ⊂ ∆. (The direction in which we want the maps h, g, α
and α′ to combinatorially commute is indicated by the first map in the list.
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Thus saying that α′, h, g and α combinatorially commute we would mean that
(h ◦ α)((α′ ◦ g)−1(∆)) ⊂ ∆ for every simplex ∆ of K ′ .) A map h′ : K −→ L′
is said to be a combinatorial lifting of h to L′ if for every simplex ∆ of K ′ we
have that (α′ ◦ h′)(h−1(∆)) ⊂ ∆.
For a simplicial complex K and a ∈ K , st(a) denotes the union of all the
simplexes of K containing a. The following proposition whose proof is left to
the reader is a collection of simple combinatorial properties of maps.
Proposition 2.3
(i) Let a compactum X be represented as the inverse limit X = lim← Ki of
finite simplicial complexes Ki with bonding maps h
i
j : Kj −→ Ki . Fix i and
let ω : EW (Ki, k) −→ Ki be a resolution of Ki which is suitable for X . Then
there is a sufficiently large j such that hij admits a combinatorial lifting to
EW (Ki, k).
(ii) Let h : K −→ K ′ , h′ : K −→ L′ and α′ : L′ −→ K ′ be maps of a
simplicial complex K ′ and CW-complexes K and L′ such that h and α′ are
combinatorial and h′ is a combinatorial lifting of h. Then there is a cellular
approximation of h′ which is also a combinatorial lifting of h.
(iii) Let K and K ′ be simplicial complexes, let maps h : K −→ K ′ , g : L −→
L′ , α : L −→ K and α′ : L′ −→ K ′ combinatorially commute and let h be
combinatorial. Then
g(α−1(st(x))) ⊂ α′−1(st(h(x))) and h(st(α(z))) ⊂ st((α′ ◦ g)(z))
for every x ∈ K and z ∈ L.
We end this section with recalling basic facts of Bockstein Theory. The Bock-
stein basis is the following collection of groups σ = {Q,Zp,Zp∞ ,Z(p) : p ∈ P}.
For an abelian group G the Bockstein basis σ(G) of G is a subcollection of σ
defined as follows:
Z(p) ∈ σ(G) if G/TorG is not divisible by p;
Zp ∈ σ(G) if TorpG is not divisible by p;
Zp∞ ∈ σ(G) if TorpG 6= 0 and TorpG is divisible by p;
Q ∈ σ(G) if G/TorG 6= 0 and G/TorG is divisible by every p ∈ P .
Let X be a compactum. The Bockstein theorem says that
dimGX = sup{dimE X : E ∈ σ(G)}.
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The Bockstein inequalities relate the cohomological dimensions for different
groups of Bockstein basis. We will use the following inequalities:
dimZp∞ X ≤ dimZp X ≤ dimZp∞ X + 1;
dimZp X ≤ dimZ(p) X and dimQX ≤ dimZ(p) X .
Finally recall that dimGX ≤ dimZX for every abelian group G.
3 Proof of Theorem 1.6
Let m = n + 2. Represent X as the inverse limit X = lim← (Ki, hi) of finite
simplicial complexes Ki with combinatorial bonding maps hi+1 : Ki+1 −→ Ki
and the projections pi : X −→ Ki such that for every simplex ∆ of Ki ,
diam(p−1i (∆)) ≤ 1/i. We will construct by induction finite simplicial complexes
Li and maps gi+1 : Li+1 −→ Li , αi : Li −→ Ki such that
(a) Li = K
[m]
i and αi : Li −→ Ki is the inclusion. The simplicial structure
of L1 is induced from K
[m]
1 and the simplicial structure of Li , i > 1 is defined
as a sufficiently small barycentric subdivision of K
[m]
i . We will refer to this
simplicial structure while constructing standard resolutions of Li . It is clear
that αi is always a combinatorial map;
(b) the maps hi+1 , gi+1 , αi+1 and αi combinatorially commute. Recall that
this means that for every simplex ∆ of Ki , (αi◦gi+1)((hi+1 ◦αi+1)
−1(∆)) ⊂ ∆.
We will construct Li in such a way that Z = lim← (Li, gi) will be of dim ≤ n and
Z will admit a cell-like map onto X satisfying the conclusions of the theorem.
Assume that the construction is completed for i. We proceed to i+1 as follows.
Let E ∈ σ be such that dimEX ≤ k , 2 ≤ k ≤ n and let f : N −→ K(E, k) be
a cellular map from a subcomplex N of Li , L
[k]
i ⊂ N . Let ωL : EW (Li, k) −→
Li be the standard resolution of Li for f . We are going to construct from
ωL : EW (Li, k) −→ Li a resolution ω : EW (Ki, k) −→ Ki of Ki suitable for
X . If dimKi ≤ k set ω = αi ◦ ωL : EW (Ki, k) = EW (Li, k) −→ Ki .
If dimKi > k set ωk = αi ◦ ωL : EWk(Ki, k) = EW (Li, k) −→ Ki and we will
construct by induction resolutions ωj : EWj(Ki, k) −→ Ki , k+1 ≤ j ≤ dimKi
such that EWj(Ki, k) is a subcomplex of EWj+1(Ki, k) and ωj+1 extends ωj
for every k ≤ j < dimKi . The construction is carried out as follows.
Assume that ωj : EWj(Ki, k) −→ Ki , k ≤ j < dimKi is constructed. For
every simplex ∆ of Ki of dim = j + 1 consider the subcomplex ωj
−1(∆) of
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EWj(Ki, k). Enlarge ωj
−1(∆) by attaching cells of dim ≥ m+1 in order to get
a subcomplex with trivial homotopy groups in dim ≥ m. Let EWj+1(Ki, k) be
EWj(Ki, k) with all the cells attached for all (j + 1)-dimensional simplexes ∆
of Ki and let ωj+1 : EWj+1(Ki, k) −→ Ki be an extension of ωj sending the
interior points of the attached cells to the interior of the corresponding ∆.
Finally denote EW (Ki, k) = EWj(Ki, k) and ω = ωj : EWj(Ki, k) −→ Ki for
j = dimKi . Note that since we attach cells only of dim > m, the m-skeleton
of EW (Ki, k) coincides with the m-skeleton of EW (Li, k).
Let us show that EW (Ki, k) is suitable for X . Fix a simplex ∆ of Ki and
denote M = α−1i (∆). First note that M is (m − 1)-connected, ω
−1(∆) is
(k − 1)-connected, pij(ω
−1(∆)) = 0 for j ≥ m and pij(ω
−1(∆)) = pij(ω
−1
L (M))
for k ≤ j ≤ n. Also note that since dimZX ≤ n, dimpij(ω−1(∆))X ≤ dimZX ≤
n for n ≤ j . In order to show that e-dimX ≤ ω−1(∆) consider separately the
following cases.
Case 1 E = Zp . By (i) of Proposition 2.1, pij(ω
−1(∆)) = pij(ω
−1
L (M)), k ≤
j ≤ n is p-torsion. Hence by Bockstein Theory dimpij(ω−1(∆))X ≤ dimZp X ≤ k
for k ≤ j ≤ n. Therefore by Proposition 2.2, e-dimX ≤ ω−1(∆).
Case 2 E = Zp∞ . By (ii) of Proposition 2.1, pij(ω
−1(∆)) = pij(ω
−1
L (M)),
k ≤ j ≤ n is p-torsion and pik(ω
−1(∆)) = pik(ω
−1
L (M)) is p-divisible. Hence
by the Bockstein theorem and inequalities dimpik(ω−1(∆))X ≤ dimZp∞ X ≤ k
and dimpij(ω−1(∆))X ≤ dimZp X ≤ dimZp∞ X + 1 ≤ k + 1 for k + 1 ≤ j ≤ n.
Therefore by Proposition 2.2, e-dimX ≤ ω−1(∆).
Case 3 E = Z(p) . By (iii) of Proposition 2.1, pij(ω
−1(∆)) = pij(ω
−1
L (M)),
k ≤ j ≤ n is p-local. Then σ(pij(ω
−1(∆))) may possibly contain only the
groups Zp , Zp∞ , Z(p) and Q. Hence by the Bockstein theorem and inequal-
ities dimpij(ω−1(∆))X ≤ dimZ(p) X ≤ k for every k ≤ j ≤ n. Therefore by
Proposition 2.2, e-dimX ≤ ω−1(∆).
Case 4 E = Q. By (iii) of Proposition 2.1, pij(ω
−1(∆)) = pij(ω
−1
L (M)),
k ≤ j ≤ n is ∅-local. Then σ(pij(ω
−1(∆))) may possibly contain only Q and
hence dimpij(ω−1(∆))X ≤ dimQX ≤ k for every k ≤ j ≤ n. Therefore by
Proposition 2.2, e-dimX ≤ ω−1(∆).
Thus we have shown that EW (Ki, k) is suitable for X . Replacing Ki+1 by
Kj with a sufficiently large j we may assume by (i) of Proposition 2.3 that
there is a combinatorial lifting of hi+1 to h
′
i+1 : Ki+1 −→ EW (Ki, k). By (ii)
of Proposition 2.3 we replace h′i+1 by its cellular approximation preserving the
property of h′i+1 of being a combinatorial lifting of hi+1 .
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Then h′i+1 sends the m-skeleton of Ki+1 to the m-skeleton of EW (Ki, k).
Recall that the m-skeleton of EW (Ki, k) is contained in EW (Li, k) and hence
one can define gi+1 = ωL ◦ h
′
i+1|K [m]i+1
: Li+1 = K
[m]
i+1 −→ Li . Finally define a
simplicial structure on Li+1 to be a sufficiently small barycentric subdivision
of K
[m]
i+1 such that
(c) diamgji+1(∆) ≤ 1/i for every simplex ∆ in Li+1 and j ≤ i where g
j
i =
gj+1 ◦ gj+2 ◦ ... ◦ gi : Li −→ Lj .
It is easy to check that the properties (a) and (b) are satisfied.
Denote Z = lim← (Li, gi) and let ri : Z −→ Li be the projections. For con-
structing Li+1 we used an arbitrary map f : N −→ K(E, k), E ∈ σ such that
dimE X ≤ k , 2 ≤ k ≤ n and N is a subcomplex of Li containing L
[k]
i . Let us
show that choosing E ∈ σ and f in an appropriate way for each i we can achieve
that dimG Z ≤ k for every integer k and group G such that dimGX ≤ k ≥ 2.
Let E ∈ σ be such that dimEX ≤ k , 2 ≤ k ≤ n and let ψ : F −→ K(E, k)
be a map of a closed subset F of Lj . Then by (c) for a sufficiently large
i > j the map ψ ◦ gji |(gji )−1(F )
extends over a subcomplex N of Li to a map
f : N −→ K(E, k). Extending f over L
[k]
i we may assume that L
[k]
i ⊂ N .
Replacing f by its cellular approximation we also assume that f is cellular.
Now suppose that we use this map f for constructing Li+1 .
Since gi+1 factors through EW (Li, k), the map f ◦ gi+1|g−1i+1(N)
: g−1i+1(N) −→
K(E, k) extends to a map f ′ : Li+1 −→ K(E, k). Then f
′|
(gji+1)
−1(F )
is
homotopic to ψ ◦ gji+1|(gji+1)−1(F )
: (gji+1)
−1(F ) −→ K(E, k) and therefore
ψ ◦ gji+1|(gji+1)−1(F )
extends over Li+1 . Now since we need to solve only count-
ably many extension problems for every Lj with respect to K(E, k) for every
E ∈ σ such that dimEX ≤ k , 2 ≤ k ≤ n we can choose for each i a map
f : N −→ K(E, k) from a subcomplex N of Li in the way described above to
achieve that dimE Z ≤ k for every E ∈ σ such that dimE X ≤ k, 2 ≤ k ≤ n (an
algorithm how to assign extension problems to various indices i can be found in
[6] and [9]). Then by Bockstein Theory dimZ Z ≤ n and dimG Z ≤ k for every
G such that dimGX ≤ k ≥ 2. Since Z is finite dimensional and dimZ Z ≤ n
we get that dimZ ≤ n.
By (iii) of Proposition 2.3, the properties (a) and (b) imply that for every x ∈ X
and z ∈ Z the following holds:
(d1) gi+1(α
−1
i+1(st(pi+1(x)))) ⊂ α
−1
i (st(pi(x))) and
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(d2) hi+1(st((αi+1 ◦ ri+1)(z))) ⊂ st((αi ◦ ri)(z)).
Define a map r : Z −→ X by r(z) = ∩{p−1i (st((αi ◦ ri)(z))) : i = 1, 2, ...}.
Then (d2) implies that r is indeed well-defined and continuous.
The properties (d1) and (d2) also imply that for every x ∈ X
r−1(x) = lim← (α
−1
i (st(pi(x))), gi|α−1i (st(pi(x)))
)
where the map gi|... is considered as a map to α
−1
i−1(st(pi−1(x))).
Since r−1(x) is not empty for every x ∈ X , r is a map onto and let us show that
r−1(x) is cell-like. Let φ : r−1(x) −→ K be a map to a CW-complex K . Then
since r−1(x) = lim← (α
−1
i (st(pi(x))), gi|...) there is a sufficiently large i such that
the map φ can be factored up to homotopy through the map γ = ri|r−1(x) :
r−1(x) −→ T = α−1i (st(pi(x))), that is there is a map β : T −→ K such that
that φ is homotopic to β ◦ γ . Note that st(pi(x)) is contractible and T is
homeomorphic to the m-skeleton of st(pi(x)). Hence T is (m − 1)-connected
and since r−1(x) is of dim ≤ n = m−2, the map γ is null-homotopic. Then φ is
also null-homotopic and hence r is a cell-like map. The theorem is proved.
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